Quantum Slide and NAND Tree on a Photonic Chip by Wang, Yao et al.
Quantum Slide and NAND Tree on a Photonic Chip
Yao Wang,1, 2, ∗ Zi-Wei Cui,3, ∗ Yong-Heng Lu,1, 2 Xiao-Ming Zhang,4 Jun
Gao,1, 2 Yi-Jun Chang,1, 2 Man-Hong Yung,3, 5, † and Xian-Min Jin1, 2, 3, ‡
1Center for Integrated Quantum Information Technologies (IQIT),
School of Physics and Astronomy and State Key Laboratory of Advanced Optical Communication Systems and Networks,
Shanghai Jiao Tong University, Shanghai 200240, China
2CAS Center for Excellence and Synergetic Innovation Center in Quantum Information and Quantum Physics,
University of Science and Technology of China, Hefei, Anhui 230026, China
3Institute for Quantum Science and Engineering and Department of Physics,
Southern University of Science and Technology, Shenzhen 518055, China
4Department of Physics, City University of Hong Kong,
Tat Chee Avenue, Kowloon, Hong Kong SAR, China
5Shenzhen Key Laboratory of Quantum Science and Engineering,
Southern University of Science and Technology, Shenzhen 518055, China
(Dated: January 31, 2020)
In the age of post-Moore era, the next-
generation computing model would be a hybrid
architecture consisting of different physical com-
ponents such as photonic chips. In 2008, it has
been proposed that the solving of NAND-tree
problem can be sped up by quantum walk. Such
scheme is groundbreaking due to the univer-
sality of NAND gate. However, experimental
demonstration has never been achieved so far,
mostly due to the challenge in preparing the
propagating initial state. Here we propose an
alternative solution by including a structure
called “quantum slide”, where a propagating
Gaussian wave-packet can be generated deter-
ministically along a properly-engineered chain.
In this way, the optical computation can be
achieved with ordinary laser light instead of
single photon, and the output can be obtained
by single-shot measurements instead of repeated
quantum measurements. In our experimental
demonstration, the optical NAND-tree is capable
of solving computational problems with a total
of four input bits, based on the femtosecond
laser 3D direct-writing technique on a photonic
chip. These results remove one main roadblock
to photonic NAND-tree computation, and the
construction of quantum slide may find other
interesting applications in quantum information
and quantum optics.
Quantum walk, the quantum generalization of the clas-
sical random walk, is a natural platform for discovering
exotic quantum phenomenon and developing quantum al-
gorithms [1–8]. Quantum walk based schemes have pro-
vided speedup for various problems of particular interest,
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including Boson sampling [9–12], black-box problem [13],
element distinctness [14], binary addition [15], factoring
integers [16], and machine learning [17]. It has also been
shown that quantum walk is powerful enough to perform
universal quantum computation [18, 19].
A NAND tree is a binary tree of NAND gates contain-
ing a total of N inputs but only one output, enabling the
computation of arbitrary Boolean function of the form
F : {0, 1}N −→ {0, 1}. While there are many classical
algorithms for the NAND tree problem [20, 21], this task
can be mapped to the quantum walk to speed up the
computation. In 2008, Farhi et al. proposed a contin-
uous quantum walk based protocol for balanced NAND
tree for the first time [1]. Inspired by it, several discrete
quantum walk schemes have been developed [27, 28]. The
schemes have also been generalized to the unbalanced
NAND formula [23–25], which can in principle represent
arbitrary Boolean functions [26].
The original scheme of NAND tree in Ref.[1] is based
on a continuous quantum walk on a graph. As shown in
Fig. 1, the graph contains a chain of uniformly-coupled
sites, called “runway”, a the quantum NAND tree whose
sites are connected in the structure as a binary tree, and
a set of input nodes. Suppose the graph is represented
by the adjacent matrix G, the time-independent Hamil-
tonian of the entire system is just H = J · G, where J
is the coupling constant. The input x is encoded by the
on/off coupling of the input nodes and the leafs on top of
the tree. For an incident wave-packet with zero energy in
the run way [1], if the computation outcome is F (x) = 1,
the wave-packet will pass through the quantum NAND-
tree; otherwise the wave-packet with be reflected when
F (x) = 0. Therefore, by measuring whether the wave-
packet has passed through or been reflected, the binary
computation outcome can be obtained.
The original protocol [1] of quantum NAND tree is ele-
gant and simple, and there is also proposal of realizing it
on the molecular platform [29] being developed recently.
However, its experimental realization remains challeng-
ing and, to our best knowledge, has not been successfully
demonstrated yet. The major difficulty lies in the prepa-
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2FIG. 1. Quantum NAND Tree. The schematic of tree structure with one-layer branch (a), and two-layer branch (b). The
site number in the last layer determines the number of input bits. The leaves on the last layer determine the input of the tree,
if there is leaf on the last layer, then the input of this site is 1 otherwise is 0. It is a NAND gate for each site on the layer
besides the last layer. The logical value of root presents the output result of the tree determining the evolution of wave-packet
on the runway, the right-moving wave-packet will back if the output result of tree is 0, or go ahead if the result of tree is 1.
ration of the input state, where a truncated plane-wave
with sharp boundaries was required.
In this work, we propose an alternative approach by
attaching a “quantum slide” (QS) – a chain with a
parabolic shape in terms of the site-to-site coupling pro-
file, to the runway. Consequently, a single photon (or
even a light pulse) injected into a single site located at
the edge of QS can naturally evolve through the quantum
walk as a Gaussian wave-packet along the runway.
We experimentally demonstrate this new approach
on a photonic chip, where the associated graph struc-
ture is fabricated with the femto-second laser direct-
writing technique [30–33]. Our structure contains multi-
waveguides with the number beyond 60, each of which
corresponds to a node of the quantum walk. Instead of
single photons, a light pulse is employed for preparing
the Gaussian wave-packet, which allows us to efficiently
obtain the computational results by single-shot measure-
ments. We first verity that the wave-packet can be gen-
erated successfully by the QS, and transferred to the run-
way smoothly. Then, for both N = 2 and N = 4 cases,
we measure the distribution of the photon intensity ver-
sus the evolution distance in the waveguide to verify the
NAND tree logic.
We first show how the Gaussian wave-packet can be
used for the NAND-tree logic computation, and how
QS can be employed for generating the Gaussian wave-
packet. For a runway with a total of Lrw sites labeled by
s, the right-moving Gaussian wave-packet is described by
|ψgs〉 = A
Lrw∑
s=1
e−
(s−µ)2
4σ2 e−is
pi
2 |s〉, (1)
where µ < Lrw/2 is the center of the wave-packet, A is
the normalized coefficient A = (1/2piσ)
1
4 , and σ is the
width of the wave-packet. Note that the NAND tree is
“planted” at the middle site, smid = (Lrw + 1)/2, of the
runway.
Eq. (18) can be regarded as the superposition of a
set of truncated plane-wave whose eigenenergy are close
to zero. Therefore, its evolution is similar to the ideal
plane-wave with zeros energy as proposed in [1], and
one can also obtain the computation outcome, F (x), by
measuring whether the wave-packet has passed through
the NAND-tree. More specifically, we define P+ =∑
s>smid
|s〉 〈s| as the projection on all the sites at the left
of the middle site, and assume σ increases quadratically
with N , i.e. σ = γ
√
N where γ is a constant. The expec-
tation value of P+ after the wave-packet passed through
or was reflected by the quantum the NAND-tree satisfies
(see Supplemental Material)
〈P+〉 = F (x) +O
(
γ−1/4
)
. (2)
We also find that to ensure the good performance, Lrw
should be proportional to σ. In particular, we numeri-
cally find that the optimum length is about Lrw = 6σ.
The Gaussian wave-packet in Eq. (18) can be easily
generated with a QS. For QS with Lqs sites, the coupling
strength between the rth and (r + 1)th site of the QS is
set as Jr = J
√
r(2Lqs − 2− r)/(Lqs − 1), where J is the
coupling strength at the runway. This type of structure
is first introduced for perfect state transfer purpose [34].
Through quantum walk, a single excitation at site r = 1
can generate a stable Gaussian wave-packet with high
fidelity, and transfer it to the runway. The width of gen-
erated Gaussian wave-packet is related to the site num-
ber of QS as shown in Fig. 2(a), more details about the
theoretical analysis and be found in Supplementary Ma-
terials.
As shown in Fig. 2(b-c), we set Lqs = 20 and Lrw = 31
respectively in our experiment. For clarity, we relabel the
sth site of the runway as the (r+ 20)th site. By coupling
the last site in the quantum slide (r = 20) and the first
site of the runway (r = 21) with coupling strength J ,
the generated Gaussian wave-packet can be transferred
to the runway smoothly. The structure accommodating
the quantum walk experiment is fabricated in borosilicate
3FIG. 2. Quantum slide. (a) The relationship between the wave-packet width µ and the length of quantum slide Lqs. (b)
The sketch of quantum slide. 20 sites is designed for the QS, the wave-packet obtained by the QS process transmits to the
runway consisting of 31 sites. The sites in QS are labeled from 1 to 20 while the sites in runway are labeled from 21 to 51. (c)
The distribution of the coupling strengths. (d) Measured output distribution of photons with different evolution distance in
the QS process. The read lines are the theoretical results, the green points present the measured values, and the black dash
lines are the fitting result of the experimental values.
FIG. 3. Measured result of one-layer NAND Tree. (a) The sketch of one-layer NAND Tree structure in experiment.
SL is the distribution amplitude summation of sites 21-35, SR presents the distribution amplitude summation of sites 37-51,
SC is the distribution amplitude summation of sites in NAND tree structure, and SLC = SL + SC. (b) The evolution result
of SR and SLC. For the case of input [0 0], the SR go larger than SLC with the increase of evolution distance, presenting the
wave-packet go pass the site connecting the tree, while the result is contrary for the case of input [1 1]. (c) The measured
result of the NAND tree.
4FIG. 4. Measured result of two-layer NAND Tree. (a) The cross section micrograms of the NAND Tree. There are six
types logical input for two-layer NAND tree. The inserts show the dynamical result for the cases of input [0 0 0 0] and [0 0 1
1] respectively. For the case of input [0 1 0 1], the SR go larger than SLC with the increase of evolution distance, presenting
the wave-packet go pass the site connecting the tree, while the result is contrary for the case of input [0 0 0 0]. (b) The result
of the NAND tree. The four-bit input quantum NAND algorithm is well realized and the visibility of output result is stable.
glass using femtosecond laser direct writing technique,
and the coupling strength is experimentally measured to
be J = 0.48 mm−1.
In Fig. 2(d), we show the measured photon distribution
at evolution distance of 15, 30, and 45 mm. The results
imply that the wave-packet is successfully generated and
transferred to the runway as expected, and the wave-
packet finally becomes stable and has a constant velocity
in the runway. The measured velocity v = 0.925± 0.027
site/mm−1 agrees well with the simulated result of 0.941
site/mm−1, see more discussion in the Supplementary
Materials.
The tree structure of two-bit input NAND logical al-
gorithm contains one-layer branch, as shown in Fig. 3(a),
and the root site can exchange the photon with middle
site of runway labeled r = 36. The branch sites bridge
the two sites of leaves with the root site, and the leaf
site determines the input as 1 or 0. We fabricate four
lattices with same parameters but different inputs [0 1],
[0 0], [1 0] and [1 1]. The photons with wavelength of
810nm are transformed to pure horizontal polarization
and then injected into the r = 1 site by a 30X objective
lens. The output photon distribution is measured using
a 10X objective lens and a CCD camera [see Methods for
details].
As discussed above, the NAND tree structure deter-
mines whether the wave-packet will pass the site r = 36
connecting NAND tree. To quantify the result, we denote
the sum of distribution probability over sites 21 6 r 6 35
as SL and SR as the sum of distribution probability over
the sites 37 6 r 6 51. In theoretical principle, we just
need to simply compare the values of SL and SR to find
whether the wave-packet is reflected or transmitted by
the tree. However, considering the photons will also oc-
cupy the sites in the tree when they are reflected, which
is not presented in the theoretical analysis. We further
set SC as the sum of distribution probability over site
in the NAND tree. According to the theory, the output
result of the NAND tree logic value is 1 if SR > SLC,
where SLC = SL + SC, otherwise the output logic result
is 0.
According the measured output distributions, we rec-
ognize the intensity of each site (see Methods for details)
and normalize the distribution with SR + SLC = 1. Tak-
ing the input [0 0] and [1 1] for example, we show the
dynamical SR and SLC in Fig. 3(b), the SR finally be-
comes larger than SLC, presenting that the wave-packet
goes pass to the right side of the runway, the correspond-
ing result of quantum NAND tree is 1. It is contrary for
the case of input [0 0] implying the logical result of 0. We
define Lout = SR−SLC as the quantum NAND Tree log-
ical output, the logical value is 0 if Lout < 0, otherwise,
it is 1. The measured NAND Tree logical output and de-
tailed values of SR and SLC of all the cases at evolution
distance of 72 mm are shown in Fig. 3(c). Our exper-
imental result imply that the fabricated tree structure
successfully realize the quantum NAND algorithm.
For two-layer tree structure, there are four-bit input
5and the site number of NAND tree varies from 7 to 11.
As shown in Fig. 4, there are six types logical opera-
tion and we fabricate all of these types in photonic chip.
Taking the cases of input [0 0 0 0] and [0 1 0 1], the
dynamical results of SR and SLC show the successful ob-
servation of logical output, implying that the evolution
distance of 72 mm is the appropriate for evaluating the
logical output of quantum NAND tree. We measure the
outgoing photon distributions at evolution distance of 72
mm and analyze the result of SR, SLC and Lout using
the same methods mentioned above. The results shown
in Fig. 4 implies that the four-bit input quantum NAND
algorithm is well realized and the visibility of output re-
sult is stable. Different from the one-layer NAND Tree,
the two-layer NAND tree structure is able to well control
the passing or blocking on the wave-packet in the runway
in experiment. The reason behind may be that there are
enough site number to influence the Hamiltonian of the
whole lattice.
In conclusion, we present the first realization of
quantum NAND Tree logic on integrated photonic chip.
We theoretically propose and experimentally realize a
way of preparing Gaussian wave-packet with Quantum
Slide. Based on it, the NAND tree logic is successfully
demonstrated for the structure with up to N = 4
input. The our work is based on the photonic chip
with three-dimensional femtosecond laser direct writing
technique. Compared to the molecular system [29], such
platform has great advanteges in the integration and
scalability. Moreover, the balanced tree structure in this
work can be easily generalized to the unbalanced NAND
formula, which can be applied to the two-player games
problems [26]. Finally, due to the universality of NAND
gates, it is possible to generalize quantum NAND gate
to represent arbitrary Boolean functions.
The authors thank Jian-Wei Pan for helpful discus-
sions. This research is supported by the Key-Area
Research and Development Program of Guang-
dong Province (2018B030326001), the National
Key R&D Program of China (2019YFA0308700,
2017YFA0303700), the National Natural Science
Foundation of China (61734005, 11761141014,
11690033,11875160, U1801661), the Science and
Technology Commission of Shanghai Municipality
(17JC1400403), the Shanghai Municipal Education Com-
mission (2017-01-07-00-02-E00049), the Natural Science
Foundation of Guangdong Province (2017B030308003),
the Guangdong Innovative and Entrepreneurial Research
Team Program (2016ZT06D348), the Science,Technology
and Innovation Commission of Shenzhen Municipality
(JCYJ20170412152620376, JCYJ20170817105046702,
KYTDPT20181011104202253), the Economy,Trade and
Information Commission of Shenzhen Municipality
(201901161512), X.-M.J. acknowledges additional sup-
port from a Shanghai talent program.
Methods
Fabrication and measurement of the NAND
Tree structure on a photonic chip: We design the
NAND Tree lattice structure according to the character-
ized relationship between the coupling coefficients and
the separation of adjacent waveguides. The lattices are
written into borosilicate glass substrate (refractive index
n0 = 1.514) with femtosecond laser (power 10W, wave-
length 1026nm, SHG wavelength 513nm, pulse duration
290fs, repetition rate 1MHz). We reshape the focal vol-
ume of the beam with a cylindrical lens, and then focus
the beam inside the borosilicate substrate with a 50X ob-
jective lens (NA=0.55), A high-precision three-axis trans-
lation stage is in charge of moving the photonic chip dur-
ing fabrication with a constant velocity of 10mm/s.
The waveguides fabricated are round and the diameter
is 3.75 µm. The separations between adjacent waveg-
uides are determined by the coupling strength according
to the characterized relationship between the coupling
coefficients and the separation of adjacent waveguides.
In the experiment, the photons with wavelength of
810nm are transformed to pure horizontal polarization
by a quarter-wave plate, a half-wave plate and a polar-
ized beam splitter. Then, we inject the photons into
the lattice in the photonic chip using a 30X objective
lens. After a total propagation distance through the
lattice structures, the outgoing distributions photons are
observed using a 10X microscope objective lens and the
CCD camera.
Obtaining intensity distribution from CCD
camera: The intensity distribution of output photons
is recorded by CCD camera with format of image and
data. Part of images are shown in Supplementary Mate-
rials. We analyze the data to obtain the light intensity
of each site with the position information which is de-
termined before performing fabrication. The spot size is
determined with same ratio of edge (1/e) to center value
under the Gaussian fitting. Since all the unwanted out-
put pattern of the scattered light is much weaker than
the edge intensity, such that the intensity distribution
can be obtained free of background noises.
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7SUPPLEMENTARY MATERIALS
A. Theoretical analysis: quantum NAND tree
In this section, the Quantum NAND tree problem will
be theoretically analyzed in details. Followed by Farhi’s
work [1], we will show that with Gaussian wave-packet,
the algorithm can be realized with an arbitrary small
error (Eq. 2 in the main text).
1. The Structure of the Quantum NAND Tree Hamiltonian
For simplicity, we relabel the site smid which attach to
the root site of the quantum NAND tree as r = 0, and
let r increases from left to right. We denote H as the
Hamiltonian of the system. For all sites r 6= 0, we have
H |r〉 = − |r + 1〉 − |r − 1〉 , (3)
where |r〉 denotes excitation at site r. We consider the
finite case, that is, the length of the runway Lrw is finite.
For simplicity, we denote Lrw as n. Supposing matrix Mn
is an n×n matrix, in which all elements in vice diagonal
are 1 and others are 0. Pn is the eigen determinant of
Mn as
Pn = det(I −Mn), (4)
where  is the eigen value of Mn. It is easy to find that
Pn satisfies the second order liner recurrence relation:
Pn+2 = Pn+1 − Pn. (5)
By solving the recursion equation, we can obtain
 = −2 cos jpi
n+ 1
. (6)
When n→∞, jpin+1 could run over all values from 0 to pi.
In this way, we obtain the eigen energies of the Hamilto-
nian as  = −2 cos θ = E(θ), and non-normalized eigen
states are eirθ and e−irθ, corresponding to the wave-
packets moving in different directions. We can normalize
the eigen state by
〈r|E〉 =
{
eirθ +R(E)e−irθ r ≤ 0
T (E)eirθ r ≥ 0. (7)
Now we consider the case at r = 0, where the Hamil-
tonian is
H |r = 0〉 = − |r = −1〉 − |r = 1〉 − |root〉 . (8)
Here |root〉 is the excitation at the root site of the quan-
tum NAND tree. Firstly, we can get a simple relationship
as
1 +R(E) = T (E). (9)
Then taking inner product on Eq.8 by |E〉, we have
〈r = 0|H|E〉 = −〈r = −1|E〉 − 〈r = 1|E〉 − 〈root|E〉 ,
(10)
and using the fact that the eigen energy of the system is
H |E〉 = −2 cos θ |E〉, we find
−2 cos θ 〈r = 0|E〉 = −e−iθ−R(E)eiθ−T (E)eiθ−〈root|E〉 .
(11)
Inserting 〈r = 0|E〉 = T (E) into Eq. 11, we can get
2T (E) cos θ = −2i sin θ + 2T (E)eiθ + 〈root|E〉 . (12)
Therefore, the transmit coefficient T (E) is obtained as
T (E) =
2i sin θ
2i sin θ + 〈root|E〉〈r=0|E〉
. (13)
The transmit coefficient T (E) depends on two param-
eters: the energy parameter θ, and the fraction y(E) =
〈root|E〉
〈r=0|E〉 . For the case of θ = 0, T (E) will be 0 when the
y(E) is infinity, implying that the wave-packet is fully
reflected, and the wave-packet will be fully transmitted
when the y(E) = 0.
In order to figure out the fraction y(E), we firstly study
the property of one branch in the tree, then generate to
the whole part. As shown in Fig. 5, we set |a〉 as the state
that only site a is 1 (input nodes connected to the leafs of
the tree) and other sites are 0 (input nodes disconnected
to the leafs of the tree), and set lower letter a, b, etc
as the amplitudes of |E〉 at the corresponding nodes |a〉,
|b〉, etc. Setting Y1 = ba , Y2 = ca , Y = ad , and applying
Hamiltonian to site a, we have
H |a〉 = − |b〉 − |c〉 − |d〉 , (14)
E = − b
a
− c
a
− d
a
, (15)
and
Y = − 1
E + Y1 + Y2
. (16)
If the inputs are restricted to either 0 or ∞, the branch
will give an output Y = −∞ when both Y1 and Y2 are 0,
otherwise Y will give the output as 0, which corresponds
to the NAND gate if we consider Y = −∞ as bit 0 and
Y = 0 as bit 1.
As shown in Fig. 6, there are three kinds of input for a
branch. We can obtain the output fraction Y by applying
Hamiltonian to those sites. Any logic bit input 0 equals
to an input Y = −∞, and any logic input bit 1 equals to
an input Y = 0 when E = 0.
The output Y in this layer will be the inputs Y1 or Y2
in the next layer. By iterating the steps in the tree, the
final output Y of the tree is the fraction of the site 0 and
site root 〈r=0|E〉〈root|E〉 , which is the reciprocal of the fraction
y(E) = 〈root|E〉〈r=0|E〉 . Therefore, y(E) = 0 when Y = −∞,
8FIG. 5. One branch of the tree. The fraction Y = a/d is
determined by inputs Y1 = b/a and Y2 = c/a, and is the input
of the lower layer branch. The behavior at E = 0 corresponds
to the NAND gate.
and y(E) =∞ when Y = 0, which gives the computation
result of the NAND Tree problem.
To prepare an exactly zero energy state, the wave-
packet should be infinite long due to the Heisenberg un-
certain relationship, which is unfeasible in any experi-
ment platforms. Fortunately, for a superposition of en-
ergy states with energy closing to 0, the transmit coeffi-
cient T (E) could also be close enough to T (0). Mathe-
matically, it can be described as
|T (E)− T (0)| ≤ D|E|, |E| ≤  (17)
where the  and D depends on the size of the tree.
2. Algorithm with Gaussian wave-packet
In this section we apply Gaussian wave-packet as the
initial state for the quantum NAND tree. The Gaussian
wave-packet is described as
|ψgs(t)〉 =
0∑
r=−Lrw
Ae−
(r−µ)2
4σ2 e−ipir/2|i〉, (18)
where A is the normalized coefficient A = ( 12piσ )
1
4 . In
principle, the Gaussian wave-packet would spread to the
whole space in lattice during the evolution. Here, we need
to confine the wave-packet in the range of −Lrw ≤ r ≤ 0
as much as possible, which can be realized by choosing µ
and σ appropriately. To be specific, by setting µ = −Lrw2
and Lrw/2 ≥ 6σ, one can ensure that more than 99.7%
of the wave-packet is located in the desire region. With
these parameters, the energy satisfies
〈ψ(0)|H |ψ(0)〉 ≈ 0, (19)
and energy spread (energy variance) satisfies
〈ψ(0)|H2 |ψ(0)〉 ≈ 2(1− e− 12σ2 ). (20)
By expanding the exponent part, we find that the energy
spread (energy variance) is at the order of 1/σ. In other
words, the state is the superposition of a set of eigen-
states, whose energy is distributed around 0 with width
1/σ.
Next, we investigate the evolution of the state
|ψ(t)〉 = e−iHt |ψ(0)〉 . (21)
Firstly, we decompose the state |ψ(t)〉 into two parts as
|ψ(t)〉 = |ψ1(t)〉+ |ψ2(t)〉 , (22)
where
|ψ1(t)〉 =
∫ pi
2 +
pi
2−
dθ
2pi
e−itE(θ) |E(θ)〉 〈E(θ)|ψ(0)〉 . (23)
For convenience, we set θ = φ+ pi/2, and then
〈E(θ)|ψ(0)〉 = A
0∑
r=−Lrw
(eirφ+(−1)rR∗(E)e−irφ)e− (r−µ)
2
4σ2 .
(24)
We separate it into two parts as A(φ)+B(φ), represent
by |ψA(t)〉 and |ψB(t)〉 respectively. By using momentum
function in probability theory, we obtain
A(φ) = 2A
√
piσeiφµ−σ
2φ2 , (25)
B(φ) = 2A
√
piσei(pi−φ)µ−σ
2(pi−φ)2 , (26)
where |B(φ)|2 is close to 0 by order of O( 1σ2 ). We now
have
|ψB(t)〉 =
∫ 
−
dφ
2pi
e−2it sinφR∗(E)B(φ) |E(φ+ pi/2)〉 ,
(27)
and then
〈ψB(t)|ψB(t)〉 = O( 1
σ2
). (28)
Meanwhile,∫ −
−pi
dφ
2pi
|A(φ)|2 +
∫ pi

dφ
2pi
|A(φ)|2 = erfc(
√
2σ) <
1
σ
.
(29)
Combining Eq. 28 and Eq. 29, we find that
|| |ψ1(t)〉 || ≥ || |ψA(t)〉 || − || |ψB(t)〉 ||. (30)
Therefore,
|| |ψ1(t)〉 || = 1−O( 1
σ
), (31)
|| |ψ2(t)〉 || = O( 1√
σ
). (32)
It shows that |ψA]〉 is a good approximation to the true
state |ψ(t)〉. Now we can decompose |ψA(t)〉 into four
9parts as
ar(t) = T (0)i
r
∫ pi
−pi
dφ
2pi
ei(r−2t)φA(φ), (33)
br(t) = −irT (0){
∫ −
−pi
dφ
2pi
+
∫ pi

dφ
2pi
}ei(r−2t)φA(φ),
(34)
cr(t) = i
rT (0)
∫ 
−
dφ
2pi
(e−2it sinφ − e−2itφ)eirφA(φ),
(35)
dr(t) = i
r
∫ 
−
dφ
2pi
(T (E)− T (0))e−2it sinφeirφA(φ), (36)
(37)
where
∞∑
r=0
|br(t)|2 = O( 1
σ
), (38)
∞∑
r=0
|cr(t)|2 = O(σ37), (39)
∞∑
r=0
|dr(t)|2 = O(D2σ3). (40)
Putting all of these four parts together, we can get that∑
r>0
| 〈r|ψ(t)〉 |2 = |T (0)|2 +O( 1
(σ)1/4
, D
√
σ3). (41)
Thus, for a proper time t at r > 0, the state is
〈r|ψ(t)〉 = T (0) 〈r − 2t|ψ(0)〉 (42)
with a small correction. In this way, if we choose the
projector
P+ =
∑
r>0
|r〉 〈r| , (43)
for measurement, we have
P+ =
∑
r>0
| 〈r|ψ(t)〉 |2 (44)
= |T (0)|2 +O( 1
(σ)1/4
, D
√
σ3), (45)
where t depends on the original location and the velocity
of the wave-packet. In experiment, we repeat the process
and measure the state in different time. In Tab. I, we give
the comparison of our result with that in the originally
plane-wave proposal.
Moreover, by taking σ = O(Lrw), Lrw = γ
√
N , and
choosing  = 1
16
√
N
, D = 8
√
N , we have error probability
as O(γ−1/4), which is independent with N (see Tab. II).
With large enough γ, one can reduce the error probability
as close as 0. Such that, we can just investigate whether
the measure output is larger than 50% in our experiment.
B. Theoretical analysis: quantum slide
In this section we will show how to use non-uniform
coupling spin chain, or “Quantum Slide”, to generalize
the Gaussian wave-packet with σ = O(
√
Lqs) in a Lqs
sited spin chain.
In a well known perfect spin transfer scheme [2], a
parabolic coupling model can be used for the perfect
state transfer |0...01〉 = e−iHpi/2 |10....0〉 in a L length
spin chain. The Hamiltonian is
H = −

0 J1 0 · · · 0 0
J1 0 J2 · · · 0 0
0 J2 0 · · · 0 0
...
...
...
. . .
...
...
0 0 0 · · · 0 JL−1
0 0 0 · · · JL−1 0
 , (46)
where
Ji =
√
i(L− i). (47)
Inspired by this, we propose a way to automatically gen-
erate a Gaussian wave-packet with Eq. 46. Firstly, Eq. 46
can be diagonalized as
H = S−1KΛK−1S (48)
by a diagonal matrix S with elements sii =
√(
L−1
i−1
)
and
Kravchuk matrix K, whose elements satisfy
KN−1ij =
∑
l
(−1)l
(
N − 1− j
i− l
)(
j
l
)
. (49)
The eigenvalues of the Hamiltonian is Λ = diag(1−L, 3−
L, ....L− 3, L− 1). Then, we can calculate the element
〈ψ(0)| eiHt |r〉 = 〈ψ(0)|S−1KeiΛtK−1S |r〉 . (50)
For the Kravchuk matrix,
K(L)2 = 2LI. (51)
So the inverse matrix of the Kravchuk matrix is
K−1 = 21−LK. (52)
Then Eq. 50 becomes
〈ψ(0)| eiHt |r〉 = 21−Ne−it(N−1)
√(
L− 1
r − 1
)N−1∑
m
Km,k−1(e2it)m.
(53)
Meanwhile, with the property of the Kravchuk matrix,
(1− v)j(1 + v)N−j =
N∑
i=0
K
(N)
ij v
i, j = 0, 1, 2, ..., N (54)
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TABLE I. The comparison between the plane wave-packet and Gaussian wave-packet.
Wave-packet Energy expanding Error rate
plane O(1/
√
L) O(1/
√
Lrw,D
√

Lrw
, ( σ
Lrw
)1/4)
Gaussian O(1/σ) O( 1
(σ)1/4
, D
√
σ3)
TABLE II. The estimate of the transmission coefficient for the Gaussian wave-packet.
NAND result Fraction(y) Transmit efficient Energy
0 |y| > 1
4
√
N|E| |T | < 8
√
N |E| |E| < 1
16
√
N
1 |y| < 4√N |E| |T | < 1− 8√N |E| |E| < 1
16
√
N
we can obtain the final result as
〈r|eiHt|ψ(0)〉 =
√(
L− 1
r − 1
)
(cos t)L−r(sin t)r−1e
ipir
2 ,
(55)
where we have used the fact that (sin t)2 + (cos t)2 = 1
and L− r + r − 1 = L− 1.
By taking Binomial-Gaussian approximation, the
above wave function can be approximated as a right-
moving Gaussian wave-packet in Eq. 18 with parameters
µ = np (56)
= (L− 1)(sin t)2 (57)
σ2 = npq (58)
= (L− 1)(sin t)2(cos t)2 (59)
where p = (sin t)2, q = (cos t)2.
Instead of the entire parabolic spin chain, one can gen-
erate a Gaussian wave-packet with the Quantum Slide, a
Lqs sited lattice with the coupling between the rth and
(r + 1)th site as
Jr =
J
Lqs
√
r(2Lqs − r). (60)
The parameters of the generated a Gaussian wave-packet
are
µ = (2Lqs − 1)/2 (61)
σ2 = (2Lqs − 1)/4. (62)
Moreover, according to our simulation, such Gaussian
wave-packet generated in the Quantum Slide can be
transferred to the uniform spin chain (runway) smoothly.
C. Properties of the wave-packet
As discussed above, with the width of the Gaussian
wave-packet increasing, the wave-packet becomes more
‘plane’, the energy of the wave-packet comes closer to
0, and the error rate will also decrease. Due that the
runway is finite, there is a nature error when we measure
the right side, if the wave-packet width goes beyond the
width of the left side of the runway.
To find the best parameter of Gaussian wave-packet
for this work, we take the a runway with 250 sites in the
left side for example. For convenience, here we set the
standard deviation as the wave-packet width. As shown
in Fig. 7, when the width of the Gaussian wave-packet
is only about a few percent of the runway, the energy
is not close to 0 so the error is large. With the width
of wave-packet increasing, the energy of the wave-packet
reduce and the error rate decreases rapidly. Then the
wave-packet width overruns the width of left side of the
runway, the error rate increases again. The minimum
of the error rate occurs when the standard of the wave-
packet is about 1/6 of the allowed length. The physical
mechanism behind is that the wave-packet is wide enough
to just fit the total space – about 99.7% of the body,
according to 3-sigma principle when the center of the
Gaussian wave-packet is located on the middle of the left
runway. In such case, the error rate may even lower than
the plane wave situation, suggesting that our model is
even better than the original algorithm.
In our experiment, a 20-sited quantum slide is fabri-
cated to generate the Gaussian wave-packet. The stan-
dard deviation of the wave-packet can be estimated from
Eq. 62 as σ =
√
(40− 1)/4 ≈ 3.12 sites. As shown in
Fig. 8, the measured standard deviation of the wave-
packet in runway is about 3.24 sites, which is 20% of
the left runway with length 16 sites, closing to the best
result.
According to Eq. 57, we can estimate the right-moving
velocity of the wave-packet as
v =
dµ
dt
= (2Lqs − 1) sin 2t, (63)
where the sin(2t) = 1 due that Lqs is set to L/2 in the
quantum slide. Taking the coupling strength into consid-
eration, we can find
v = J(2Lqs − 1)/Lqs (64)
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In quantum slide, the velocity depends on the strength of
coupling, and the wave-packet speeds up in the slide, and
then moves in a constant velocity into the uniform cou-
pling runway. In our photonic chip, the coupling strength
on the uniform coupling runway is J = 0.48 mm−1, then
the theoretical velocity is vt = 0.936 site/mm. The sim-
ulated result is vs = 0.941 site/mm and experimentally
measured result is ve = 0.925± 0.027 site/mm.
D. Experimental results
In this section, we show the comprehensive results ob-
tained in our experiment: the dynamical result for the
two-bit input NAND tree in Fig. 9, the cross section
micrograms of four-bit NAND tree in Fig. 10, and the
dynamical result for the four-bit input NAND tree in
Fig. 11.
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FIG. 6. Three cases of input leaves. The fraction Y as output for each input case in this layer is also the input for the
branch in the next layer.
FIG. 7. Error rate with different shape of Gaussian wave-packet and the comparison with plane wave-packet
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FIG. 8. The theoretical simulation and experimental result of the position and width of the wave-packet.
FIG. 9. The dynamical result for the two-bit input NAND tree.
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FIG. 10. The cross section micrograms of four-bit NAND tree.
FIG. 11. The dynamical result for the four-bit input NAND tree.
